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Hasse Diagrams of Isomorphic Lattices

111 {a.b,c} {2,3,5}

110 {a,b} {2,3}
011 {b.c}

{c}
100 001 {a} 2

000 %) %]

{3,5}

15}
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B" as Product of n B’s

e B!, ({0,1}, A, v, 1,0, "), is denoted as B.

e For any n>1, B" =BxBx...xB, where BxBx...xB Is
given the product partial order.

x<yif andonlyif x <y, foreachk.
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Hasse Diagram of B"
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Examples

D, Is the poset of all positive divisors of n with the partial
order “divisibility”.
30
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D,, Is not a 0
2 Boolean algebra
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D, as Boolean Algebra

e Let n=p,p,...p,, Where the p;, are distinct primes.
Then D,, Is a Boolean algebra.

Let S={p,, p,, .- P}, and for any subset T of S, a is the
product of the primesin T.

Note: any divisor of n must be some a;. And we have
ar|n for any T.

For any subsets V, T, VcT Iff. a,/|as, and
ayna=GCD(a,, a7) and a,,va-=LCM(a,;, a1).

f: P(S)—>D,, given by f(T)= a; Is an isomorphism from
P(S) to D,,
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Proof of Non-Boolean Algebra

e If nis a positive integer and p?|n, where p is a prime
number, then D, Is not a Boolean algebra.

e Proof

Since p?|n, n= p?q for some positive integer g. Note
that p is also an element of D,,, then if D,, is a Boolean
algebra, p must have a complement p’, which means
GCD(p, p’)=1 and LCM(p, p’)=n. So, pp’=n, which
leads to p’=pqg. So, GCD(p, pq)=1, contradiction.
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